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energy space
- eoutuatiou

① - property : I 0<-2 e- L 'e•c(8) , a-
'
c- Le[(d)

Edie)= Shoot +Ve ' = Set)ñ fleece (d)
or a

Remark : 3- u* >o : - All* + VU* ⇒ find⇒ e-£
,Io

Thm
.

If Ev satisfies④ then

② ! (D) = ee , .µ CE (D) , II. Hu - tÉÑ
the Hilbert space with Luis; Sour + SVuv ,
and ②I (D) a L ' (8, +G)dx) .



Remark : ②I (D)* as V18 , a-'G) dx) Ex .

I ete) : - § 9- e
,

9- EL7R
, _tdx) is abounded

functional on DICE) D
Thm ( lax-Milgram thm) Assume Evsatisf

.④
Then He'e②I(D)* 3- unique solution
he e-②I (D) such that :

(ue.ie> u = ete) feet! (D) .

Rem
.

if lhe) -99-4 then - ☐we +Vue -9- inD:
a

soueiie-SVueu-55-etee-DHD.sc:(8)
or or a



⑧ E(u)= { Hulk - ete) = Ellul? - Leia>v3
④

✓
{5-1191*5

> Ellul? - Hell ,×HuHu > m µ
,

- E is bounded below " t w - o

E (a) →+as if Kullu -ooo - coercive!

Assume ( un)e②! (D) - minimising sequence
Elan) → m=inf E

o:o)



1) Since E is coercive
,

Hun IHM

2) Hunks M ⇒ converges weakly to Uo
(up to a subsequence)

3) E (a) is weakly lower semicontinuous ,
un _o- uo ⇒ E (a)④live in-9 Elan)

n

-0µm> m=inFE

⇒÷-m
⇒ Uo is a minimum of E o



a) > (a) =3 Hull? + Ecu) - strictly convex
strict Tina⇒ convex

⇒ Elan + (1-+7)<+241+11 -⇒ vjo< v1 .

Ex
. Half is strictly convex .

⇒ uo is unique minimiser

(Otherwise E4U . + f-e) %) < em -111 - i)m=m)
5) Since Ko is the minimiser ,

Lance> = ete) to e-②HR)

¥Égrange eq .
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1) ②
'

•
(RN) , N>3 - is the energy space

for Diouf ( ⇒ G) = (1+1×12)
-%)

IRN

⇒ - ou - 9- in IRN has unique solution
+ 9- e- LY1R ' , (1+1×12) ¢4M

2) H
'

(HT) , Stout -1%2=9 tout - ① !

HY1R ") e ② '

•
IN)

H ' ( IR
") - ② '

• (IR
") NL4R")

⇒ ( H ' IN))* - LZCIRN)



3) Shut - Sci -④? - no !
IRN IRN

⑧ Sealing argument . Take Recs (RN)

Qp (⇒ = a (E) - resealing of Q

A- TE1
9QE G) dx = 5 at'É)R"d(E) = RN9E
1RN IRN IRN



5 Iron G)12--9 he 12--51 tore /2Nd (E)
112N

= RN" § fief

5 toilet - f. lent = R" floral> - R" 942 =
a- B-

= ARN
-2

- BR
"
→ - as as R → as

⇒ |iu&o(-D)=0⇒ ( not needed for us)



Ex
.

R - bounded domain
.

Then I look ⇒ ⇒ a
' toe CI (D)

E- ⇒ (D) > 0

⇒ 91mi - +fu
'

= -4--7%2 -① t.vn
To t.ve -4

Remark : If a- in ⇒ 510412 -41412--0
,

let > 0 - principal eigenvalue !



According to Agnon and Pinehover

1) - A +V is subcritical if it satisfies④
( think of - is -a one with mad

2) - ☐ + V is critical if ① fails but
Still> = She flee e% (D)

( think of - D- in on8 or - is-9¥ on R
")

3) - ☐ + V is supercritical if 34 -eCE(a)

91*412+5 V42 < 0
.



Example : I look - 9,9%42 = 'q§×¥gµT
N73 1RN IRN

①
¥Éc:(IR1E)consider ②

'

¥-2
(IRME)

Take
w(×) = { 1×1

,
1×1>2

Wo 4) , 2<1×41
Wo is such that w is C2

,
W70 and W4)=0

,

A 1×1<1 {

µw*
if r > 2



WR = RRW ) €#→ 1×1Emp . Supp .

⇐ -9¥)r °Slur /2-%÷ WE =
AAP !EP09 µ ¥+12 WE =

B.R

= § / ☐ %-*pw? + § / ☐ R¥¥-I
>

WE =
'

2ps

2 ↳
= a + ⇐ I f-%) r "

- '
dr =

R



= e , + ez t ( log ZR - logD) =

→ el= e ,
+ ez e%[- ☐→as

⇒÷(☒"ñ
Ev ( w) - 9 truth -I %÷w2= C1

1RN IRN



But I loswrl
?
- I F¥ WE
¥ ¥

'

so Slow 12 - 5 W2 is not defined !

Yet Eu (w) = & < as
,
weee defined

we ②'q;÷(MBT) but W4D:(THE)


